Abstract. We prove that any elliptic K3 surface over an algebraically closed field of arbitrary characteristic contains infinitely many rational curves. This result was previously known in characteristic zero due to the work of Bogomolov and Tschinkel.
Introduction
Let X be a K3 surface over an algebraically closed field k. In [1, Corollary 3 .28], Bogomolov and Tschinkel prove that when the characteristic of k is zero and X admits an elliptic fibration then X contains infinitely many rational curves. In this note, we extend their result to the case where k has positive characteristic by different and simpler arguments. Theorem 1.1. If X admits an elliptic fibration, then X contains infinitely many rational curves.
In characteristic zero, this is the content of [1, Corollary 3.28] . When k has positive characteristic, the main ingredients are a result on the image of ℓ-adic monodromy representations associated to 1-dimensional families of elliptic curves (Proposition 2.6) and an existence result of separable rational multisections (Lemma 2.4). The proof is inspired from [1] , though we simplify some arguments presented there. This note is split into three parts. In the first section, some background on elliptic K3 surfaces is recalled. Then the main result for K3 surfaces which are not supersingular in the sense of Shioda (see 3) is proved in the second section. The last section covers the case of K3 surfaces whose automorphism group is infinite, which includes supersingular K3 surfaces.
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Elliptic K3 surfaces
Let k be an algebraically closed field of positive characteristic and P 1 k the projective line over k. We recall some facts about elliptic K3 surfaces. For a more comprehensive introduction, see [6, Chapter 11 ].
An elliptic K3 surface is a K3 surface X together with a surjective morphism of schemes X π − → P 1 k such that the geometric generic fiber is a smooth integral curve of genus one. If moreover the morphism π admits a section, then X is said to be a Jacobian elliptic K3 surface. It has the property that for every smooth fiber X t , t ∈ P 1 , the fiber J(X) t is isomorphic to the Jacobian elliptic curve associated to X t . Let J(X) sm ⊂ J(X) be the open set of π-smooth points, viewed as a smooth group scheme over P [6] ). Let X → P 1 k be a Jacobian elliptic K3 surface. The Tate-Shafarevitch group is isomorphic to the following groups:
(1) The Brauer group of X.
(2) The Weil-Châtelet group of the generic fiber of X → P 1 k . Recall that for an elliptic curve E over a field K, the Weil-Châtelet group, denoted W C(E), is defined as the set of isomorphism classes of torsors under E, see [6, Chapter 11, Section 5.1].
For every positive integer
. It has the property that that for every smooth fiber
Moreover, one has an isomorphism
The map η m is defined over the smooth locus of π.
Rational curves.
Let X be a K3 surface over k. A rational curve on X is an integral closed subscheme C of dimension 1 and of geometric genus 0. Recall the following existence result, attributed to Bogomolov and Mumford, with a mild refinement of Li and Liedtke ([8, Theorem 2.1]).
Proposition 2.2 (Bogomolov-Mumford).
Let L be a non-trivial effective line bundle on a K3 surface X over k. Then L is linearly equivalent to a sum of effective rational curves.
2.3.
Relative effective Cartier divisors.
Given an elliptic K3 surface X and a multisection M on X, the map M → P 1 k is finite flat and its degree is by definition the degree of M. 2.3.1. Let X 0 be a smooth fiber of X → P 1 k over a point 0 ∈ P 1 k . Then we have a map given by the intersection product
It sends any multisection to its degree. The image of the above map is a non-zero subgroup of Z, of finite index. Denote by d X its index. It is called the degree of X.
and which is moreover generically étale over P
For (1), notice that X η is a torsor under the elliptic curve J(X) η and that d X is the index of X η , i.e is the greatest common divisor of the degrees of residue fields of closed points of X η (see [9, 1] ). Since the order of X η in W C(J(X) η ) is equal to its index by [ , it is also equal to the minimal degree of residue fields of separable closed points. Hence there exists a closed separable point in X η of degree d X . Taking its closure yields a separable multisection which is necessarily rational by (2). This proves (3). 
2.4.
Monodromy. Let X π − → P 1 k be an elliptic K3 surface. Let U be the largest Zariski open subset of P 1 over which the map π is smooth. Thus X U → U is a torsor under the smooth group scheme J(X) U → U. For b ∈ U a closed point and m prime to p := char(k), the étale fundamental group π ét 1 (U, b) of U acts on the group of m-torsion points in J(X) b and defines a group morphism
This action preserves the Weil paring and factors as follows:
For every prime ℓ, we denote by ρ ℓ ∞ the representation of π Notice that an elliptic fibration on a K3 surface is not isotrivial because it has at least one singular fiber (see [6, Chapter 11] ), so the conditions in [3, Theorem 1.2] are met in our situation.
Proof of Theorem 1.1
In this part we assume that X is not Shioda supersingular, in the sense that the rank ρ(X) of the Picard group of X satisfies ρ(X) ≤ 20. For the remaining case, see Corollary 4.3 below. The class of X in the Brauer group Br(J(X)) is a sum of two elements α p + α, where α has torsion prime to p and α p is torsion of order p a , for some integer a. Here p is the characteristic of k. We will construct a rational multisection on X of arbitrary large degree which will be enough to prove Theorem 1.1. Denote by d X the degree of X and let ℓ be a prime number, with residue 1 (mod p a ). The prime to p torsion part of Br(J(X)) is a divisible group by [6, Chap. 18, Example 1.5]. The Kummer exact sequence and the assumption on the supersingularity ensures furthermore that it is not trivial (see formula (1.8) loc. cit). We can thus find an elliptic K3 surface π ℓ :
in Br(J(X)) and d X ℓ = ℓd X . Take for instance α p + α ℓ , where α ℓ is a non-trivial element in Br(J(X)) which satisfies ℓ.α ℓ = α. Hence J ℓ (X ℓ ) ≃ X and we have a rational map:
is a rational curve on X of degree divisible by ℓ which is the desired result. Otherwise, since the multiplication by ℓ map is étale (by [5, Théorème 2.5]), there exists a closed point b in the maximal open subset U ⊂ P 1 k where π is smooth and M ℓ is étale over P 1 k and two distinct points P 1 , P 2 in X ℓ,b ∩ M ℓ such that ℓ.(P 1 − P 2 ) = 0 in J (X) b . Thus, the point P 1 − P 2 is a ℓ-primitive torsion point in J (X) b . For ℓ sufficiently large, its orbit under the monodromy group Γ is equal to the set of all primitive ℓ-torsion points by 2.6. Since Γ acts on M ℓ ∩ X ℓ,b and there are ℓ 2 − 1 points of exact order ℓ in J (X) b , we infer that
This cannot happen for ℓ sufficiently large.
Case of infinite automorphism group
We give here a proof of Theorem 1.1 in the case where the automorphism group of the given K3 surface is infinite. This includes K3 surfaces which are supersingular in the sense of Shioda. This is a wellknown result (see [6, Chap. 13 , Remark 1.6]) but we give here a proof which seems to be new in the literature. Note that this is immediate if one assumes Shioda's conjecture, namely that supersingular K3 surfaces are unirational.
Proposition 4.1. Let X a K3 surface over an algebraically closed field k. Suppose that the automorphism group of X is infinite. Then X contains infinitely many rational curves.
Proof. Assume the converse. Let S = {C 1 , . . . , C r } be the finite set of rational curves on X. Then Aut(X) acts on S and defines a homomorphism ρ : Aut(X) → S r , where S r is the symmetric group over r elements. Let g be an element in the kernel of ρ. Then g fixes all the rational curves. By 2.2, every non-trivial effective divisor is linearly equivalent to a sum of rational curves. Hence g acts trivially on Pic(X). It follows that the kernel of ρ is contained in the kernel of the morphism Aut(X) → O(Pic(X)). The latter is finite by [6, Chapter 15, Remark 2.2]. Hence ρ has finite kernel and obviously a finite image and this imply that Aut(X) is finite, which is excluded. Corollary 4.2. Let X be a K3 surface which admits a projective lift over some finite extension of the ring of Witt vectors of k whose geometric generic fiber has infinite automorphism group. Then X contains infinitely many rational curves Proof. Let R be a discrete valuation ring with algebraically closed residue field k. Let K = Frac(R) be its fraction field and K be an algebraic closure of K. Let π : X → Spec(R) be a projective lift of X over some finite extension R of W (k) such that Aut(X K ) is infinite. Then by [10, Theorem 2.1], we have an injection σ : Aut(X K ) → Aut(X k ) and we conclude by 4.1.
Corollary 4.3. Let X be a K3 surface with Picard number ≥ 20. Then X has infinitely many rational curves.
Proof. If the Picard number of X is equal to 22, then by [7, Section 5] the automorphism group of X is infinite and the result follows from Proposition 4.1. If the Picard rank of X is equal to 20, then the height of X is finite and by [6, Chapter 5, Proposition 5.6], X admits a projective lift X → Spec(W (k)) such that the geometric generic fiber has Picard rank equal to 20. By [12] , the automorphism group of X K is infinite. Hence by 4.2 X has infinitely many rational curves.
